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PREFACE 


T he present volume forming the second Part of my Wave Mechanics 
is devoted (as foreshadowed in the Preface to Part I) to the mathe- 
matical development of the general ideas underlying the new mechanics, 
connecting it with classical mechanics and constituting it a complete 
self-supporting theory. In building up the mathematical framework of 
this theory I have limited myseH to what I consider its most essen- 
tial elements, leaving aside a number of questions which have a metho- 
dological value only (such as the group theory) or which are met with 
in the solution of special problems. 

It is my intention & consider some of these questions later on in 
connexion with the special problems which will be discussed in Part III 
(‘Advanced Special Theory’) ; I have carefully avoided complicating the 
general scheme of the theory by such special questions — ^with a few 
exceptions inserted for illustration (the relativistic theory of the hydro- 
gen-like atom, for example). 

To make the general scheme more comprehensible I have not spare<f 
space, dealing with especially important general questions (such as the 
transformation and the perturbation theory, or the relativistic theory 
of the electron) at much greater length than would be necessary from 
the point of view of an adequate presentation to a sophisticated reader. 

I must cordially thank the editors for their readiness to meet my de- 
mands on space, which have resulted in a book larger than was originally 
contemplated. I must also thank M. L. Urquhart and Miss B. Swirles 
for help in correcting the English and the proofs. 

The present book, like Part I, is complete in itself, and can be read 
without acquaintance with Part I, provided the reader is familiar with 
some elementary account of wave mechanics, and is ready to explore 
its mathematical depths to obtain a profounder insight intq the theory 
and to prepare himself for applying it to various special problems. 

The earlier portions of this book were written in 1931 while I was in 
America ; it was completed in Leningrad nearly two years later. Some 
of the shortcomings of the book are due to this interruption and the 
impossibility of revising it in 1933 from the very beginning. 

A list of the more important references for each section is given at the 
end of the book ; it is followed by a short index which should enable the 
reader to locate easily all the more important subjects treated. 


LENINGRAD 

N(yv, 1933 


J. E. 
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ADVANCED GENERAL THEORY 


I 


CLASSICAL MECHANICS AS THE LIMITING FORM 

OF WAVE MECHANICS 
. » 

1. Motion in One Dimension; Partial Reflection and Uncertainty 

in the Sign of the Velocity 

In the first part of this hook we have given a general outline of the 
development and present state of wave mechanics, emphasizing the 
physical meaning of the new conceptions and avoiding, as far as pos- 
sible, formal questions connected with the mathematical expression of 
‘^hese new conceptions. We have thus been led astray from the old 
i^cbnceptions based on classical corpuscular mechanics, deepening, as it 
were, the abyss separating the old from the new mechanics. 

A systematic study of the formal questions referred to above reveals^ 
the wonderful fact that in spite of the fimdamental physical difference 
between the new and the old mechanics, they are extremely similar 
from the mathematical point of view, i.e. from the point of view of 
the mathematical expressioq of the various physical quantities and the 
mathematical equations connecting them. This formal similarity forms 
a bridge over the abyss between the old and the new mechanics, 
enabling one to consider the latter as an extension or rather a refine- 
ment of the former and to establish a one-to-one correspondence 
between the old ‘classical’ and the new ‘quantum’ conceptions, quan- 
tities, and equations — a correspondence which often looks like an 
identity. 

The existence of such a correspondence is a very instructive example 
of the fact — ^many times already illustrated by the development of 
physics — ^that a drastic revision of our physical conceptions can be 
associated with a simple improvement in the underlying mathematical 
scheme. 

We shall start by considering the simplest case of the wave-mechanical 


equation, i.e. the equation describing the stationary motion of a particle 

in one dimension: ^2 / 02^ 

dy>,SrrhH,^_Tj..^ 


A* 


{W-U) 4 i= 0 , 


the potential energy U being supposed to depend on x only (and not 
upon t, otherwise the total energy W would not be constant). 

3596.6 ^ 
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CJLASSlCAL MECHANICS AS LIMITING FORM 
We should thus have the equation 


dx 


a» 


( 6 ) 


which is inconsistent with (3 a) unless d^A jdx^ = 0. This condition, giving 
A = ax-\-bf is, however, in general inconsistent with the relation (4 a), 

Q 

i.e. A^ol— C, unless d = which means a very special assump- 

tion for the potential-energy function U (the preceding relation is ful- 
filled in particular if = const., a being equal to zero in this case). 
We thus see that a one-side d wave p r op ag a tion^ corresponding to the 
i motion of a particle in one definite direction, is m general impossible. 

.From the point of view of the wave conception this result is very 
easily explained. Thus every field of force, i.e. every inhomogeneity in 
the potential energy U or the parameter a, leads to Si jpartial reflecticn^ 
of a wave impinging on it. If the inhomogeneity is due to a discon- 
j}inuous jump of a, the refiection is produced at the point (or plane) of 
discontinuity. If a varies continuously, the reflection is produced 
gradually (the reflected waves giving rise to reflected waves of the 
second order travelling in the initial direction, and so on). 

From the corpuscular point of view this means that a particle moving 
along the axis of a; in a field of force parall^ to x may have its velocity 
Reversed at every iostanti So that while the magnitude of the velocity is 
a given function of x, its direction or sign remains uncertain. 

This uncertainty constitutes the fundamental difference between the 
new and the old mechanics. In the old mechanics, if the direction of 
the velocity is fixed at some initial instant, then it should remain the 
same so long as the kinetic energy W’—V remains positive (a* > 0). 
Such a determinateness does not actually exist in the phenomena of 
motion. When these phenomena are described by wave mechanics, we 
find Nature in a position very similar to that of a theoretical physicist 
who, in performing complicated (and even simple!) calculations, often 
feels a strong uncert^ty about the sign (+ or — ) which must be 
assigned to the quantities imder consideration. 

. This uncertainty of sign or of direction of velocity for a given magni- 
fade of Hhe latter and a given position can be regarded as an * imcertainty 
principle * characteristic of wave mechanics and not related directly to 
the uncertainty principle of Heisenberg. The difference between them is 
that in the latter the localization of the particle is imagined to be effected 
by means of a ‘wave packet’ involving an uncertainty not so much 
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in the direction of the velocity as in its magnitude, whereas in the 
present case there is no need for constructing such a packet, the fact 
asserted being not a definite position of the particle, but the connexion 
between position, which may be arbitrary (that is, specifiable in terms 
of probability only) and the magnitude of the velocity. As we have 
just seeh, the uncertainty in the direction of this velocity is connected 
with the possibility of both transmission and reflection of the particle 
in every region where it is acted on by some force . At the very beginning 
of this book we came upon this possibility when attempting to interpret, 
from the corpuscular point of view, the phenomena of partial refiection 
and partial transmission of light at the boundary between two homo- 
geneous bodies. Later we studied it in more detail when investigating 
the motion of material particles in a field of force according to wave 
mechanics. We can sum up the results arrived at by saying that the 
indeterminateness which constitutes the characteristic distinction be- 
tween wave mechanics and classical mechanics is due primarily to this 
ambigmty in the result produced by a force acting on the particle. 
Whereas in classical mechanics such a force must either accelerate or 
retard the particle, reversing the direction of its motion only when the 
increase of potential energy would exceed the total energy, in wave 
mechanics a force can reverse the direction of motion, leaving the 
magnitude of the velocity xmchanged, even when this force is acting 
in the direction of the motion, i.e. even wh^, according to classical 
mechanics, the particle should be accelerated without change of. 
direction. 

So far as the relation between the wave^mechanical and the classical 
equations of motion is concerned, this uncertainty in the direction or 
in the ‘sign’ of the velocity," when its magnitude and the position.of 
the particle are simultaneously fixed, is much more useful than 
Heisenberg’s uncertainty principle (which is another aspect of the 
fundamental ambiguity inherent in wave mechanics). It leads us to 
expect that the results predicted by wave mechanics mil approach those 
predicted by classical mechanics as the reflection coefficient tends to zero, 
i.e. when the ambiguity due to the possibiHty of refiection as well ai 
transmksion vanishes. In this case, transmission, i.e. motion in the 
same direction, is the only issue that comes into consideration. * 

It is easy to see that a decrease in the refiection coefficient is brought 
about by a decrease in the wave-len^h. When the wave-length become 
very small compared with the length over which the potential energy 
changes by an appreciable amount, the reflection produced by this 
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change of potential energy also becomes very small and vanishes in the 
linuting case A = 0. 

This result can be illustrated by the fact, pointed out in Part I, § 12, 
that cathode rays pass without appreciable reflection through an 
electric condenser whose thickness is very large compared with the 
wave-length, while they are appreciably reflected if this thickness is 
reduced to zero, the potential energy change remaining the same. In 
the latter case the reflection and transmission coefflcients • are given 
by the well-known formulae 





i)= l-R 


Icc'+ocT' 


where ot and a' are the values of the parameter a on both sides of the 
discontinuity. It may be recalled that this parameter is proportional 
to the momentum g = mv, i.e. to the velocity of the electron. When 
the velocity of the impinging electrons, that is a', increases, the jump 
AU oi the potential energy remaining constant, ol" also increases, while 
cthe difference ot —ol* decreases. We have in fact, according to (3), 

AU V-U' = 


whence 

or approximately 


STrhn AU 

ot'+a"' 


at' — at" %7Thn AU AU 
c 7 +v ~W 4 a 2 "" i(w^i:uy 


that is. 


- 16 W-U 


(6 a) 


Hbre W—U is the average kinetic energy of the electron on both 
sides of the discontinuity, while AU is equal to the change of this 
kinetic energy, i.e. approximately mv Av, 


4\ t? / 4\ A / 


(6 b) 


where A = — . 

mv 

Formula (6 a) shows that the reflection coefficient tends to zero when 
the velocity of the electron is increased, i.e. when the wave-length A 
tends to zero, the jump of potential energy AU remainiog constant 
(AA is an infinitely small quantity of a higher order than A itself). 

This result holds, of course, not only for electrons but also for any 
other particles: their behaviour conforms more and more to the funda* 
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‘ mental principle of classical mechanics, the principle of defe nmn i sm 
which can be stated in the form 

= 0, i> = 1 

as their velocity increases. 

It shojiild be noted that, for a given value of Af7, the magnitude of 
the velocity for which R becomes inappreciable is the smaller the larger 
the mass w, since, according to (6 a), it is net the Velocity itself but the 
kinetic energy \mv^ whose ratio to AZ7 determines i?. 


2. Comparison between the Schrddinger and the Classical 
Equation of Motion in One Dimension; Average Velocity and 
Current Density * 

Discontinuities in the potential-energy function U (x) do not, of course, 
occur in Nature. When U{x) is a continuous function of a;, i.e. when 
the force has a finite value, it is possible to give another important and 
interesting formulation of the condition under which the fundamental 
ambiguity of wave mechanics disappears (i.e. the reflection coefficient , 
vanishes), the wave mechanics thus reducing to classical mechanics. 
According to de Broglie’s relation A = A./mv, the wave-length of the 
waves associated with the motion of a particle is, other things being 
equal, the smaller, the smaller the value of the constant h. In reality, 
of course, the latter cannot be changed. If, however, it were not a 
universal constant, but could have any value whatsoever, then it would 
be possible to say that wave mechanics would reduce to classical 
mechanics in the limiting case h — 0; for this would mean that the 
wave-length would vanish for all values of the velocity. Consequently 
the relative change of the potential energy in a distance of the order 
of magnitude of the wave-length would also vanish, and with it the 
partial reflection which is the fundamental cause of the ambiguity 
characteristic of wave mechanics. 

This result can be proved in a general way as follows: 

Let us put oc = 27rglh in equation (3 a), where g(—mv) is the 
magnitude of the momentum of the particle, and also 



Multiplying (3 a) by (hj^Tr)^, we get 



gfa = 2m(lF~f7). 


( 6 ) 


where 


(6a) 
(6 b) 
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It follows from this equation that in the Hnqting case = 0 the func- 
tion s remains finite and is determined by the differential equation 


( 7 ) 


The momentum g can be determined by this function unambiguously, 
i.e. both with respect to magnitude and sign, by the equiition 


9 = 


ds 

dx* 


(7 a) 


which is equivalent to equation (5), corresponding to the one-sided wave 
propagation, i.e. to the motion of a particle 4n a definite direction. 
This direction remains arbitrary, since (7) has two solutions, namely 
dsjdx = and dafdx = —^{2m{W—U)). But once it is 

chosen for some initial instant it will remain constant so long as 5 is a 
continuous function of x without, maxima or minima, where, of course, 
g will change its sign after passing through the value gr = 0. This 
'change of sign through a continuous variation corresponds to total 
refiection and has nothing to do with the discontinuous reversal of the 
sign of g which is allowed by the exact theory embodied in the wave 
equation (1) (with ^ > 0) and which corresponds to partial reflection. 
The difference between the exact equation (1) and the approximate 
equation (7), so far as the ambiguity ih the sign, i.e. in the direction * 
of the velocity, is concerned, consists in the fact that the former, being 
a linear equation of the second order, admits both signs simultaneously 
(superposition of waves travelling in opposite directions), while the 
latter, being a quadratic equation of the first order, admits either one 
sign or the other. It should be remembered that the exact equatibn 
which is satisfied by the fimction s is much more complicated than (7). 
This exact equation can be obtained by eliminating A from equations 
(3 a) and (Sb) with fj> = 27Tsjh. 

It is often convenient to use, instead of the function defined in this 
another function 8 defined by the equation 

iff = ( 8 ) 

or 8 = (8a) 


lliis S is connected with s (i.e. the 'phase’ <^) and the 'amplitude’ A by 
the relation , 


•^-5 + ^.log^. 
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It is a complex quantity which represents both ^ and A and. is equi* 

valent to 

Substituting the expression (8) in Sohr5dinger’s equation (1) and 
using the relations 


we get 2m{Tf-?7). (8b) 

* 2jrt dx^^Xdxl ' 


If we put kere h = 0, this equation reduces to (7), so that when h — 0 
the two functions s and’^S^ become identical. We must now investigate 
the meaning of the approximate equation (7) which they both satisfy 
in this limiting case. 

In a certain sense it merely expresses the law of the conservation of 
energy — since dsjdx is, by definition, the momentum g of the particle 


and ^ is its kinetic energy. 
2m \dx} 


The equation is unusual, however, in that the momentum of the 
particle, and consequently its velocity, is determined as a function of 
the coordinate x, whereas in the classical description of motion the 
velocity, as well as the coordinate itself, usually appear as functions of 
the time t. Such a description of motion is impossible in wave mechanics 
because of the uncertainty in the direction of the velocity. If it is 
true, however, that in the case h — 0 the wave-mechanical equation 
of motion (8 b) must reduce to the classical equation, then equation 
(7) must be equivalent to Newton’s equation of motion 


d^x 

'^dt^ ~ 


d£ 

~ dx* 




defining x and v = dxjdt as functions of the time. This equivalence is 
readily recognized as soon as we realize what is meant by defining the 
velocity (or momentum) of a particle as a function of its coordinate. 
Let us suppose that equation (9) has been integrated, and that x aiid 
V have been determined as functions of the time t. Then, eliminating 
the time t between them, we can express one of them, e.g. v, as a func- 
tion v(x) of the other. The acceleration d^xjdt^ can then be calculated 
by means of the formula 


d^x 

dv 

dv dx 

dv 

d /«*\ 

dt^ “ 

dt 

dx dt ~ 

■" 55 ^ 



o 


3696.6 
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BO that equation (0) can he written in the form 

d mv^ _ dU 
dx dx 

or + C/ = const. 

2 

If mv = g is replaced by d^jdx and the constant is denoted by W, we 
get equation (7). 

We thus see that this equation expresses not only the law of con- 
servation of energy, but at the same time the classical law of motion. 
It should be mentioned that both laws are equivalent to one another 
only in the special case which we are considering here of motion in one 
dimension (see below). 

Another way of interpreting equation (7), or rather the fact implied 
1 ds 

in it that the velocity v = — t- of the particle is determined not as 

mdx 

t a function of the time but as a function of the coordinate Xy is to 
replace the single particle under consideration by an infinite number 
of copies of this particle, filling space (or the line x) in a continuous 
way, so that at any instant t a copy is to be found situated at, or rather 
passing through, any point x. This method is similar to one used in 
hydrodynamics except that, in the hydrodynamical case, the copies of 
a particle are replaced by actual particles (supposed to be identical), 
moving under the combined influence of external forces and forces of 
mutual action (represented by the hydrostatic pressure). Provided we 
are not interested in the individuality of the particles, i.e. in the question 
which particle is to be found at a given point, the motion of the particles 
can be specified by defining the velocity of the particle passing through 
each fixed point as a function of the coordinates of this point and, in 
general, of the time. If the velocity does not depend upon the time 
(it should be remembered that the velocity we are speaking of refers 
not to a definite particle but to a definite point) the motion is called 
stationary or steady. 

Thus the picture which can be associated with equation (7) is that 
of an assembly of copies of the particle under consideration, streaming 
steadily and filling space in a continuous way. If we select from this 
assembly a definite copy which at the time t was passing through the 
point Xy then, knowing the dependence of the velocity v upon x, we 
ean follow its motion and determine both the velocity and position of 
this particuUxr copy as functions of the time. «For instance, at the 
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moment t^dt the copy in question will be situated at the point x+v 

and will have the velocity v(x-^dx) = ^x+v dt) = which 

means that its acceleration is equal to vdvjdx, as was obtained above. 

We have thus shown that the wave-mechanical equation of motion 
actually reduces to the classical equation in the lifting case when the 
wave-length associated with the motion &f a particle tends to zero, 
either owing to increase in velocity (which is a thing that can actually 
happen) or to decrease in the constant h (which is an artifice). The 
fundamental reason for this lies in the elimination of partial reflection, 
i.e. of a reversal in the fUrection of the velocity or, in other words, the 
elimination of the uncertainty in its sign. 

Strictly speaking, however, this imcertainty cannot be eliminated. 
It is impossible to describe the motion of a particle in the classical way, 
i.e. as a determinate change of position and velocity with the time. 
The only way of describing it is to ascertain the prohahility of finding 
the particle at a given place and the probability that, being at this 
place, it is moving in the one or the other direction (the magnitude of 
the velocity being fixed). This intrusion of the probability conception 
into the description of the motion is necessary because of the ambiguity 
arising from the alternative .- partial reflection or partial transmission. 
One could say that this ambigmty — wholly alien to classical mechanics 
— ^forms the gate through which the concept of probability penetrates 
into the realm of physics. 

The probability of position is measured, as we know, by the product 
so that dx measures the probability that the particle is 

situated in the region between x and x-^dx. Using the picture of an 
assembly of copies of the particle in question filling space (or the a;-axis) 
in a continuous way, we can interpret 0^* dx as the relative number 
of copies situated within the interval dx (this number is independent of 
the time so long as ^ corresponding to a motion with a 

-]-QO ' 

definite total energy W — hv). If the integral J 00* dx converges, 

— 00 

0 can be normalized in such a way that this integral is equal to 1, in 
agreement with the usual normalization of probability. Otherwise we 
need not worry about this normalization, since after all only relative 
values of 00* for different points come into account. 

It should be noticed that in the classical description of the motion 
we can also use a continuous assembly of copies instead of an individucd 
particle, as ia actual^ done when the equation of motion is written in 
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the form (7) corresponding to the determination of the velocity as a 
function of the coordinate and not of the time. From the point of 
view of this description the difference between the old and the new 
theory can be summed up as follows. In the old theory it is always 
possible to ‘individualize’ a certain copy by following its motion, i.e. by 
determining its coordinate and velocity as definite functions of time, 
whereas in the new theory such ‘individualization’ is impossible, the 
direction of motion being uncertain. It thus becomes necessary to con« 
sider the assembly as a whole without attempting to disentangle it, 
i.e. to trace the motion of a particular copy in time. This being so, the 
density of the assembly, i.e. the relative nufiiber of copies per unit 
range, or, in other words, the probability of finding the particle repre- 
sented by these copies in a given range, becomes the primary thing 
that can and must be determined — ^whereas in classical mechanics it 
remains irrelevant and therefore arbitrary. Of course the determination 
of 0^* in wave mechanics is also connected with some arbitrariness, 
* which can only be removed by specif3dng the boundary conditions or 
the conditions at infinity for the function 0. 

Knowing the function one can determine many other things besides 
the probability of position. Thus by means of it we can determine the 
probability of the two opposite directions of motion, that is, of the two 
opposite signs of the velocity, if the magnitude of the velocity is 
assumed to be fixed for a given position by the classical relation 
V = ^J{2(W’—U)lm} or by de Broglie’s relation v = If p' is 

the probability of the positive direction and p" that of the negative 
direction, then the average or probable value of the velocity at a given 
point is given by the formula 

v={p'—p")\v\ (10) 

with the condition p'+p"" == 1- 

This probable velocity, or the probabilities p, can be determined 
quite generally with the help of the relation (4), as soon as the physical 
meaning of this relation is recognized. We shall first see what the 
expression d<l>ldx means in the simple case of a wave travelling in 
one direction in a force-free space, that is, a wave representing the free 
motion of a particle in one direction. We have, in this case, according 

to (1 a), ^ = oar and consequently ^ = A^<x = 

ax h h 

If 1^1* is interpreted as the (relative) density of the copies of the 
particle, then the product = j must obviously be defined as the 
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corresponding current density, i.e. the (relative) number of copies passing 
through the given point or plane x = const, in the direction of v in 
unit time. If |0|® is interpreted as the probability density, then j can 
be defined as the probability' current density, i.e. the probability that 
the particle will cross the plane x — const, in unit time. The ratio 
j/ 1^1 2 is nothing else than the actual velocity of motion, which, in view 
of the fact that the direction of the motion iS perfectly definite, coincides 
with the probable velocity v {p' or p” =1). 

It is natural to extend the above interpretation of the expression 
A^d<l>ldx as a measure of the current density to any type of wave 
function for from thi^point of view the fact that d^Jdx is constant 
(i.e. indei)endent of x) simply means that the number of copies passing 
through different planes x — x^ and x = x^, say, is the same, just as 
if they were actual indestructible particles. The law expressed by the 
relation (4) would thus be the law of conservation of the number of 
copies or of the c onservatio n^j prohability (see below). If this inter- 
pretation is correct, then it must obviously be possible to write j in* 

the form . - 

(10 a) 

where v denotes the probable velocity of the copies at the point in 
question. Now this is actually the case if j is defined as ^ 


27rm dx 


(the coefficient hl2nm is the same as in the special case considered 
above), which gives the following expression for the probable velocity 

The ‘phase’ ^ can be expressed in terms of the function 0 = Ae"^^ and 
its conjugate complex = Ae-^^ by means of the formula 

<!> = 

whence it follows that 


h (I di/t 1 ^ -n /I d , ,\ 

^ 4mm dx tp* dx) ~ 27rm (? 35^°^ 

or, according to (8 a), i; = i. r/— V 

m \dx} 

R(/) denoting the real part of /. In the classical theory this equation 
reduces to v = v, in accordance with the fact that the motion proceeds 
in a perfectly definite direction, the probabilities p' and p’’ being equal 
respectively to I and 0. In the wave-mechanical theory |i?| is, in general. 
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I from |«;|, the values of the probabilities p* and p"* being dif- 
ferent from both 1 and 0. They can be determined from v and by 
means of the formula 



Substituting (10 c) ii^ (10 a), we get the following expression for the 
current density: 


j 


47rim\ dx dx J 2nm 



( 11 ) 


We shall now check these results by applying tj^em to two simple cases. 
We shall put first 




which corresponds to the free motion of a particle along the a;-axis in 
an unspecified direction. 

Assuming the coefficients A for the sake of simplicity to be real (this 
, condition does not involve any loss of generality, for it can always be 
satisfied by a suitable choice of the origin a: = 0), we have 

whence 

% ax 


= ot{A'^^A'*^)^i2ocA'A''Bm2ax, 
so that j reduces to the constant value, 

j = 

27rm 

or j = IvHA'^^A"^). 

Unlike j, the probable velocity 


(11a) 




Ivl- 


A'^-A"^ 


' 'A'^+A''^^2A'A'^co&2ocx 

is a function of x, varying periodically between the values 


: = N 


and 


^mln == 1^1 


A'-^A" 

A'-A" 

i'+A"- 


The fact that the maximum value of the probable velocity f? turns 
out to be larger than the magnitude of the classical velocity |i;| in- 
validates the idea considered above of taking the latter over into the 
wave-mechanical theory as the magnitude of the ^actual’ velocity. With 
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\ffjv\ > 1 formula (10) leads to values of the probabilities p wldchiare 
devoid of physical meaning, one of them being larger than 1 and the 
other smaller than 0. Although the classical velocity can be determined 
wave-mechanically from the wave-length A (by means of the formula 
|t;| = hl{mX))f yet it is the probable velocity only which has a direct 
physical significance. 

This is also clearly seen if we take as a second example the case 

corresponding to a region of total reflection where the kinetic energy is 
negative and the velocity v is imaginary. We have in this case ip* = tp, 
j = 0, and i? = 0, as mi^ht be expected. 


3. Generalization for Non-stationary Motion in Three Dimen- 
sions; The Hamilton -Jacobi Equation 
We shall now generalize the results of the preceding section to the 
motion of a particle in three dimensions under the action of forces 
derived from a potential-energy fimction U which may depend not only ’ 
upon the coordinates x, y, z, but also upon the time t. 

The wave-mechanical description of such a motion is given by the 
generalized equation of SchrOdinger 

Our main object will be to trace the relation of this equation to the 
corresponding classical equations of motion, 


(12 a) 


d^x 8U _ dU dH dU 

dt^ dx' '""dt^^ 

The general character of this relation can be described in a way similar 
to that used for the one-dimensional motion discussed above. The 
fundamental characteristics of the wave-mechanical theory can thus be 
partially reduced, as before, to the ambiguity arising from the pheno- 
menon of partial refiection and partial transmission — a phenomenon 
which implies a sudden change in the direction of the velocity,' its 
magnitude being assumed to be the same function of the coordinates 
as in the classical theory. 


The uncertainty in the direction of the velocity, which in the case 
of one-dimensional motion was equivalent to an ambiguity of sign, is 
now— in the case of motion in space— of a still more distresshig 
character. However, we may still expect this uncertainty, as well as 
partial reflection, to vanish in the limiting case of motion corresponding 
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to infinitely short wave>lengths (which can be realized by an increase 
of velocity or of mass» or by a fictitious decrease of the constant h). 
Thus in this limiting case equation (12) must become equivalent to 
equations (12 a) in the sense of admitting particular solutions corre- 
sponding to a perfectly definite type of classical motion. 

To demonstrate this equivalence we shall replace the particle imder 
consideration by an assembly of copies distributed and moving in space 
like the particles of some continuous fluid (without interaction of 
course!). The velocity vector v of each copy can then be defined — 
according to the classical theory — ^as a function of the coordinates 
X, y, z of the (fixed) point through which thi% copy is passing, and of 
the time — the motion being not necessarily a steady one. It should be 
noticed that the partial derivative dvjdt of v with regard to the time 
does not define the acceleration of a given copy, for it refers to different 
copies passing through the same point at different instants of time t 
and t-\-dL This acceleration can be defined by the total derivative 
^dvldt, its a;-component being thus given by 


or 


I ^^x I ^^x % I ^'^x 

~dt ““ 'di'^Tx di'^'dy di'^ ~dz dl 


dv, 

dt 


't I ^*^3; I 


dx 


% 




dz ' 


(13) 


We shall now assume the motion of the fluid formed by our assembly 
of copies to be irrotaiional, which means that the velocity vector can 
be represented as the gradient of a scalar function, the so-called ‘velocity 
potential*. We shall denote this fimction by aim and put accordingly 

mv == Vs, (13 a) 


that is 


1 da 1 1 da 

mdx^ mdy^ m dz* 


We make this assumption (which is by no means necessary) not only 
because we desire to simplify the formulation of the classical theory as 
applied to the copy assembly, but also because we wish to establish the 
connexion between this theory and the wave-mechanical theory. We 
have in fact, for a wave propagated in one definite direction, a relation 
exactly similar to (13 a) between the phase ^ and the vector a whose 
direction is the direction of propagation and whose length is 27r/A, whefe 
A is the value of the wave-length at the corresponding point: 

a = Vf (14) 
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If we put a = 


according to de Broglie’s relation, we get 



(14a) 


(14b) 


as before [cf. (6), § 1]. Thus, by assuming irrotational motion of the 
assembly of copies, it becomes possible to establish a connexion between 
the motion of a particle and the propagation of waves in the limiting 
case of infinitely short waves, i.e. when partial reflection is excluded 
and the motion of everj^copy of the particle proceeds along a perfectly 
definite path ; this path can be considered as the ‘ray’ passing through 
the point at which the copy in question was initially situated. If partial 
reflection does take place the idea of rays loses all meaning, each ray 
branching into two at every point. Only by neglecting reflection can 
one speak of rays as lines along which the waves, i.e. the surfaces of 
constant phase, are propagated. 

Returning to the expression (13) for the r -component of the accelera- 
tion of the copy passing through the point y, 2 , at the instant t we 
can, because of (13 a), rewrite it in the form 


dt 


^4.v ^+v 
St + * dx ^ dx ^ ‘ 


dx' 


since i == etc. Therefore 
dy m dxdy dx 


dt ~^dx\2} 

= (Va)2l 

mdx\dt^2m^ 'J 

, which is the first of the equations (12 a), is 


dv, 

di 

or ■ 

dt 

The equation 

^ dt dx 

thus equivalent to 

Similar results are obtained for the second and the third equations, and 
so all three of them can be replaced by the single equation 
ds 1 


where F(t) is an arbitrary function of the time alone. This function, 
1°®® of generality, can be put equal to zero, for it oorresponds 
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to an additive term J F(t) dim. 8 which is irrelevant for the determina- 
tion of the velocity according to (13 a). The function a can thus be 
defined by the equation 

S+^[(i) +(S) +(i)]+^ = ®- 

This equation was*established by Hamilton and Jacobi and bears 
their name. In the special case when U does not depend upon the time 
explicitly (constant field of force), the function s — usually called the 
(mechanical) ‘action’ — ^reduces to 

8 = 8Q(x,y,z)—Wt, ^ (15a) 

where 8q is determined by the equation 

Here TT is a constant which can obviously be defined as the energy. 
/Thus, in a sense, equation (15 b), in conjunction with the relation 
(13 a), expresses the law of the conservation of energy. However, as we 
have just seen, it expresses much more than that, f since, in conjunction 
with (13 a), it is equivalent to the three classical equations of motion 
(12 a) for the special case of an invariable field of force and of a fixed 
value of the total energy. The equations (12 a) and (15 b) — or more 
generally (15) — are formally different because the former refer to an 
individual particle, while the latter refer to a continuous assembly of 
copies of this particle. If we select a definite copy and follow its motion 
we come back to equations (12 a). 

It can now easily be shown that in the limiting case of infinitely 
small wave-length the wave equation (12) admits particular solutions 
of the form 0 = Ae^^, representing a one-sided propagation of waves 
which can be associated, by means of the relations (14), (14 a), and 
(14 b), with the motion of the particle in question according to the 
classical theory, the different ‘rays’ coinciding with the paths of the 
different copies of this particle. 

Putting t/f = Ae^^, we get in the same way as in § 1 

^ dx^ 8x^ dx dx~ dx^ \dx) 

whence 


t Except in the one •dimensional case. 




Putting — 0 we see that the first of these equations reduces to the 
Hamilton- Jacobi equation (15). The same result is obtained if == 0, 
which must obviously express the general condition for one-sided pro- 
pagation of waves of finite length. In both cases the wave-mechanical 
theory becomes completely equivalent to the classical theory. Both 
cases are, of course, fictitious, h being a constant and the equation 
VM = 0 being satisfied only under very special conditions — ^in 
particular for force-free motion. The equation (16) can, however, 
reduce approximately to (15) in the case of a nearly one-sided wave 
propagation with a very weak partial reflection— so weak that the 
reflected (or scattered) waves can be neglected. This condition is more 
nearly approached the larger the mass m of the particle for a given 
velocity or the larger the velocity for a given mass, i.e. the smaller the 
wave-length, if we are treating motion corresponding to a constant 
value of the energy W. In the latter case the wave-length becomes 
a definite function of the coordinates. In the general case the idea of 
wave-length has no precise meaning and can be introduced only by 
representing the wave fimction 0 as a superposition of wal^ea with 
different frequencies, corresponding to motions with different energies. 

If U does not contain the time explicitly, equations (16) and (16 a) 
admit particular solutions of the type s = 3o(x,y,ii)---Wt and 
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A = A(x, y, z), i.e. Bs/dt = — Tf and BA/dt = 0. They therefore reduce to 




V‘A + ^(Vso)»+U = W 


(17) 


and 2V^-V5 o+^V% = 0. (17 a) 

In the limiting case ^ = 0 the first of these becomes equivalent to the 
classical equation (16jb). ^ 

This equivalence, as well as the approximate equivalence which can 
be obtained in the case of large values of W or m, must not be misunder- 
stood. It refers to particular solutions of equations (17) and (17 a), or of 
the corresponding SchrOdinger equation ^ 

(17b) 


with iff — ^e^27r(«o-Tro/A = ^®(a;, y, 2 ) 6 ”^^"^'^''^ (17 c) 

that is, to solviioTis which represervt — approximatdy — waves travelling in 
a definite direction (the direction may, of course, vary from point to 
•point, being defined by the direction of the ‘rays’ passing through these 
points). Now the general solution of (17 b) in the case of short waves 
can be represented as a superposition of a number of such particular 
solutions corresponding to waves travelling in different directions, imder 
the limitations imposed by boundary conditions (in the case of long 
waves this is possible for force-free motion only). The classical equation 
(16b), on the other hand, does not admit of such superposition for the 
fimction ^ defined as This can clearly be seen in the simple 

gase of one-dimensional motion where A is connected with s by the 

relation = G [cf. (4), § 1], so that ^ physical 

reason for this is that ‘superposition’ of two different types of motion 
would mean, according to classical mechanics, their ‘simultaneous 
realization’ — an obviously impossible thing if they are alternative. In 
wave mechanics, on the contrary, it is just this alternative character 
which is expressed by superposition, the latter corresponding to the 
addition law of the classical probability theory. Similar results apply 
to the general equations (12) and (16), the former allowing the super- 
position of processes with different energies if U does not depend upon 
the time — awhile the latter reduces in this case to equation (16 b) corre- 
sponding to one definite value of the energy W. 

The non- validity of the superposition principle in classical mechanics 


can easily be demonstrated with the help of the function S = 
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introduced in § 2 [eq. ( 8 )], This function satisfies the differential 
equation ^ ^ 


. .w^S+^-:^(7S)^+U = 0 
4i7nm dt 2m 


(18) 


which is obtained from Schrbdinger’s equation (12) by the substitution 
ijf = ei^TrSih which reduces to the Hamilton- Jacobi equation (15) if 
Ji is put equal to zero. The function 8 tljus coincides in this case 
with the function e, which means that the amplitude A can be con- 
sidered as practically constant. 

Now if in the Hamilton-Jacobi equation (16) we put s — 8 = ^p-rlog 

2771' 

we get the following ‘approximate* equation for ift: 

-(V^)*+Z70* = 0 


iiri^ at 


^Trhn 




(18a) 


which is qvxjdratic and of the first order (like the equation for 8) instead 
of being linear and of the second order like the exact equation of 
SchrOdinger. If and ®^re two particular solutions of (18 a), the 
function ^ = ^ 1+^2 general represent a solution of this 

equation. 

Returning to the representation of the exact wave function in the 
form and considering equation (16 a) connecting A and 

5 , which has been disregarded hitherto, we see that this equation can 

dA dA’^ 

be simplified if multiplied by A. We have in fact 2 A — = and 

dt dt 

2dVdV5-}-d2V25 = V(d2)V5-fd2V25 = div(d2V«); 

so that divfd^V—^ = 0. (19) 

dt \ m) ' ' 

This equation is of the same form as the equation of continuity, i.e. the 
equation of the conservation of mass in hydrodynamics or of the <5on- 
servation of electricity in electrodynamics, 

|+divj = 0, 

where p is the density of mass or electrical charge and j the corre- 
sponding current density. In the present case we can interpret the 
quantity = 0 ^* = p 

as the density of the copy assembly (i.e. the relative number of copies 
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of tbe^gi^en particle in unjf volume) or the density of probability. If, 
f^her, we define the corresponding current density by the formula 

j = (19 a) 

m 

then*equation (19) will express the law of the conservation of the copies 

br of the probability. In the classical theory the vector Vsjm reduces 

to the aptual velocity v bf the particle (or more exactly of its copies 

at the given point), so that j assumes the usual form of the product 

of p with v. In the exact wave-mechanical theory it can also be written 

in the form . 

j = ^v ^ 

where the vector v = — Vs (Ifih) 

‘ m 

must obviously be interpreted as the probable velocity. I’he classical 
velocity can be computed as usual by means of the formula 

its direction being, however, uncertain. According to the definition of 
A and s, we have if/ — whence 


and consequently 


s 





^irim 





( 20 ) 


Introducing the function S = we get and 

2Tn 2 tti iff 

i0*V0 = ^U*'7S, so that 
t h 


j = ±M*RC7S) 
m 


(20 a) 


and 


V = ^R(VS). 

m 


(20 b) 


Comparing this with (19 b), we see that the function s is equal to the 

real part of S, in accordance with the relation 8 = s-f ^log A which 

results from comparing the two expressions and for ifs. 

The probable velocity (20b) could be represented in the form 

V = |i;| J np(n) dw. 
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where n is the unit vector which defines this, direction of the classical 
velocity and ^(n) dm is the probability that this unit vector lies ifi th^ 
infinitely small solid angle dm. An imambiguous detennination of this 
probability appears, however, to be impossible, except for one-dimen- 
donal motion considered in the preceding section. This is quitematural 
if we remember that the ndtion of classical velocity, as measured by 
the time derivative of the coordinates, cannot be ta^en over ipto wave 
mechanics. 

It should be mentioned in conclusion that the relation between wave 
mechanics and classical mechanics is usually compared with the relation 
between wave optics ancPthe so-called geometrical optics, the latter 
being defined as the limiting case of wave optics for very small wave- 
lengths. This statement would, however, be misleading unless we add 
to it that in geometrical optics partial reflection of light (which actually 
decreases with decrease of wave-length) should be wholly left out of 
account — even in its simplest form on the boundary surface between 
two homogeneous media. In this case — and only in this case — ^is it pos- 
sible to introduce the idea of rays as lines along which the propagation 
of light takes place (this is why geometrical optics is often called ‘ray 
optics* in contradistinction to wave optics, where the idea of ‘rays* has 
in general no meaning). It was the merit of Hamilton to show, one 
hundred years ago, that in this limiting case the wave conception of 
light can be replaced by the corpuscular conception, and that the rays 
can be described al the paths of light particles moving, according to 
Newton*s classical law, in a certain field of force. The potential energy 
of this field of force U is determined by the refractive index according 
to the relation ^2 _ 

where y is a constant depending upon the definition of the mass of 
a light particle. t But perhaps the main merit of Hamilton*s work was 
that he applied the same considerations to the motion of particles of 
ordinary matter, thus for the first Ume associating such rmtwn with the 
propagation of (infinitely short) toaves and describing it by equation ( 16 ). 
This association of particles with waves, which in Hamilton* s theory 
was achieved by interpreting the ‘mechanical action* « as a measure 
of the phase function was, however, completely forgotten for 
a hundred years, until de Broglie rediscovered it in the Way described 

t This relation is obtained in the simplest way by oompeuing de Broglie*B formula 
for the wave-length 1/A = *J{2m,{W —U)}lh with the formula Ao/A = /x, which can be 
considered as the definition of the refractive index, Aq being the value of A in vaeuo, 
iM. for a plaoe where » 1. 
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in Part I, and SchrOdinger introduced his wave equation, whose relation 
to the Hamilton-Jacobi equation has been discussed above. 

This mutual reaction of optics and mechanics must not be misinter- 
preted as an indication of a true analogy between them — ^in the sense 
of a wave-corpuscular duality of light. We must not be led by it to 
infer the real existence of photons, moving in material bodies according 
to the laws of wave mechahics. For we could replace optics by acoustics, 
i.e. light vibrations by mechanical vibrations propagated in the form 
of waves in elastic media according to an equation of exactly the same 
kind as the differential equation for the light waves. In the limiting 
case of infinitely short acoustical waves wh could therefore obtain 
exactly the same results as in optics, i.e. a kind of ‘ray acoustics’ 
instead of a ‘wave acoustics’. This would enable one to formulate a 
corpuscular theory of soimd and describe the propagation of sound as 
the motion, according to wave mechanics, of certain particles — e.g. 
‘phonons’. I do not think, however, that anybody would believe in the 
reality of such ‘phonons’. This does not mean, of course^ that the 
photons are equally unreal, for the analogy between acoustics"^ and optics 
is just as superficial as that between optics and mechanics (or acoustics 
and the mechanics of single particles). — I am inclined, however, to 
t hink that photons have no more reahty than ‘phonons’, and that they 
are created by a ‘refiection’, as it were, of the wave-corpuscular duality 
of matter in the phenomena of light (cf. Part I). 

4. Comparison of the Approximate Solutions of Schr5dinger*s 
Equation; Comparison of Classical and Wave -mechanical 
Average Values 

Although in the case = 0 the functions 8 and 8 satisfy the same 
equation — ^namely, that of Hamilton and Jacobi — ^yet the approximate 
expressions for ^ obtained therefrom, according to the formulae 
0 = and ^ ^ I30 somewhat different, for the 

‘amplitude’ A obtained by means of equation (16 a) is in general a 
certain function of the coordinates (and the time), varying very slowly 
compared with the ‘phase factor’ 27 r 8 lh, 

The discrepancy between the two approximate solutions is due to 
the fact that the error introduced^by putting A = 0 is larger in the 
case of equation ( 18 ), which contains h in the first power, than in 
the case of equations ( 16 ) and (16 a), where h appears in thu second 
power. In the latter case we thus drop a small term of the second order, 
while in the former case we drop a much larger term of the ^rst order. 
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{4 APPROXIMATE SOLUTIONS OF SCHRODINGER’S EQUATION 
In order to remove this discrepancy we must put 


^ 27Ti ’ 


( 21 ) 


and after substituting this expression in equation (18) drop terms which 
are quadratic in h but keep those which are linear in h (8^ and 8' being 
independent of h and therefore of the same orde^ of magnitude). We 
thus get the approximate equation 


47rtm 


+ — 4- A ^ J. J_ ( ViS0)8 + 

^ St St +2w' ' 


,V-S» VS'+i7 = 0. (21a) 


Here 8^ must be regarded as the zero approximation, corresponding 
to A = 0, i.e. as the solution of the Hamilton- Jacobi equation 
d8^ 1 

_ + _(V5«)HCr = 0. 


It can obviously be identified with the (approximate) function 4 . 

The function iS" must therefore satisfy the equation 

' — VW + ^'+-V-S«V;8' = 0, (21b) 

2m dt m ' ' 


whence it follows that 8* is a real quantity. Now according to (21) we 
have 0 qq that, since 8^ = e®' must be equal 

to A, Substituting in (21 b) 

8' = log A, (21c) 

we do indeed get equation (16 a). It may seem that by developing the 
function 8 in series of powers of the parameter h/{ 27 n) 

S = S0+^.S' + (^]^8’+... 

2 iri \27r%J 

and solving the equation (18) by successive approximations, one 
obtain as good an approximation for 8 as may be desir^ This assump- 
tion is, however, incorrect, for it can be shown that the preceding series 
is divergent or rather semi-convergent, which explains why one gets 
a closer approximation by keeping the first-order term, as has been ' 
done above. In fact the general solution of a differential equa-. 
tion of the second order cannot be approximated to by starting 
with the solution of the equation of the fiirst order obtained by 
dropping the second-order tem]l!l, however small the parameter by 
which they are multiplied may be, just as a quadratic equation cannot 
be approximated to by the linear one obtained by dropping the quadxatio 
term. If, however, the latter is multiplied by a smaU parameter, then 
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one of the two solutions of the quadratic equation can be approxi- 
mated to by the solution of the linear one. A similar relationship exists 
between the function ip = and one of the particular solu- 

tions of SchrOdinger’s equation, representing approximately waves 
travelling in one direction. It should be mentioned that this direction 
need not remain constant; it can be changed by total reflection, which, 
in contradistinction iio partial reflection, is a phenomenon perfectly 
compatible with classical mechanics since it does not involve any 
ambiguity and therefore does not challenge a deterministic description 
of the motion. The difference between classical mechanics and wave 
mechanics in the approximate form given afcove, in so far as total 
reflection is concerned, consists only in the fact that, according to the 
latter, the particle can penetrate into those regions of the field of force 
where its ‘ classical ’ velocity becomes imaginary. 

According to the relation v = Vs/m = V/S®/m, it should follow that 
the functions 8 and must also become imaginary. So far as is 
" concerned this is perfectly true. The fimction s, however, according to 
its definition, must remain real. It will therefore be different from 
for those regions where v is imaginary and will satisfy an equation 
different from that of Hamilton and Jacobi. We must remember that 
equations (16) and (16 a) were obtained on the assumption that both 
8 and A were real. The assumption that s satisfies approximately the 
Hamilton-Jacobi equation, even when the latter gives imaginary values 
for it, would thus imply a contradiction. 

This means that, in the case under consideration, must be very 
large and of the order of magnitude of 1/^*, so that the first term in 
equation (16) or (17), which when omitted reduces (16) or (17) to the 
Hamilton- Jacobi equation, cannot be dropped. We shall not consider 
the approximate soluti<m of equations (16) or (16 a) [or (17) and (17 a)] 
for this case. It is simpler to use instead the alternative representation 
of ip by means of the fimction S = ^®+A5'^/(27Ti) since we do not have 
to worry about the reality of 8^, An imaginary value of 8^ leads, 
according to (21 b), to an imaginary value of 8\ The role of the func- 
tions 8^ and 8' as determining the phase and the amplitude respectively 
will thus be reversed for classically forbidden regions, so that, using 
the expression for we can put 

A = == e±8w|S®|/A 


( 22 ) 
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The sign (+ or — ) is determined by the condition that A (i.e. 0) must 
decrease with increased penetration into the forbidden region. It can 
easily be proved directly that the expressions (22) and (22 a) constitute 
an approximate solution of the equations (16) and (16 a) for the case 
in question if the functions and S' are determined respectively by 
the Hamilton- Jacobi equation and by equation (21 b). 

Returning to the case when /S'® is real (antt equal to «), corresponding 
to the motion in the classically allowed region of the field of force, let 
us examine the approximate values which are obtained for the ampli- 
tude A = 

We shall first considef the simplest case of a one-dimensional motion 
with constant energy. We have in this case, according to (4), 

J.2 ^ — const., 

08 

that is, since ~ 

ax 


^2 = 


w* 


(23) 


where denotes a positive number. We thus get approximately 

(23a) 

5o(a;) being a solution of the equation 

W. 

2m\dx} 

Formula (23) has a very simple physical meaning. It shows that the 
probability of finding the particle within a certain region between x and 
x+dx is inversely proportional to its velocitjr^in this region. This is 
just what we should expect if this probability were defined as propor- 
tional to the time dt = dxjv which the particle spends in the region 
in question. We thus see that the interpretation of the quantity 
00* dx = A^dx as the relative probability of finding the particle in 
the region ^x is in agreement, so far as the approximate expression for 
if/ is used, with the classical definition of probability in terms of 
duration. 

If f{x) is some quantity depending upon the position of the particle, 
and if the motion of the latter is confined to a limited region of the 
a;-axis, e.g. between x^ and a? 2 , then the average value of this quantity 
in the sense of classical mechanics, i.e. with respect to the time, can 



28 CLASSICA1< MECHANICS AS UHITING FOBH 

be defined by the expieanon 


/= ^ J/(*)' 


taken for a ‘round trip* of the particle, T representing the duration of 
this round trip. The round trip can obviously be replaced by a one-way 
trip, since the motidn must proceed in the same manner on the two 
halves of a round trip, with the sign of the velocity reversed. We can 
thus put 




f{x) dty 


where and <2 denote the time of starting from the point and 
arriving at the point x^ respectively. Replacing dt by dxjv, where v is 

a function of x determined by the equation 

c get 


■' h-hj'i 


or, if a ‘round trip’ is taken instead of a ‘one-way’ trip, 




the velocity v being taken with the same sign as dx (i.e. + when x is 
increasing from x^ to ajg, and — when it is decreasing from to x^. 
Now the expression (24 a) for / is identical with that obtained by 
means of the wave-mechanical definition of the average value of f(x) 
according to the formula 

/= J/{a:)#*dx. (24 b) 


if the function ^ is assumed to vanish outside the region (x^Xz) 
and is replaced by its approximate expression (23 a) for this region. 
The normalization constant C must be determined by the condition 

Xt 

J tfnp* dx = I, that is, 

a:, U 

Ca J ^ J = 1- 

»i ti 

This agreement of the classical theory with the wave-mechanical theory 
must not be overestimated. As a matter of fact the function 0 does 
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not in general vanish outside the classically allowed region, but, as we 
have just seen, decreases there approximately as According 

to the relation ^ ~ ^ , we can put (dropping the term containing 


the time) 


= = J ^{2m{W-U)} dx. 


(25) 


This formula applies just as well, i.e. with the same degree of approxima- 
tion, to the points inside and outside the region X 2 ). In the latter 
case, for a point x > X 2 , we can put 


|S«(*)| = J 42 m{U- IF)} dx, (26a) 

X2 

X 

, , ~ ( ^Jl2m(U-W)]dx 

and consequently \i/t\ = Ce . (26b) 

Thus, to the degree of approximation used, we should define the wave- 
mechanical average of f(x) by the equation 


for W ^ U, i.e. for < a; ajg, 


j , , , o - X J V[2m(?7-IV)] dx 

and |0|2 = Ch 

for a; > a :2 and a similar expression for x < x^, 

-f 00 

be determined from the equation J da; = 1. 


The constant C must 


The difference between the classical and the wave-mechanical aver- 
ages becomes particularly important when there are two or more 
classically allowed regions separated from one another by regions for 
which W < U, The latter, being permeable to the particle from the 
wave-mechanical point of view, do not actually separate but, on the 
contrary, connect the former regions. 

The comparison of the classical ‘time-average’ with the wave- 
mechanical ‘probable value’ for the case of a three-dimensional motion 
is much more complicated than in the one-dimensional case and will be 
considered in the next section in connexion with the wave-mechanical 
interpretation of the quantum conditions. It must be remarked here 
that such averages or probable values have a meaning only when the 
motion is confined to a classically limited region, and that these limits 
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can be assigned a priori only in the case of a conservative motion, 
i.e. a motion with a given (constant) value of the energy W. Within 
the allowed region, limited by the surface IT— ?7 = 0, the amplitude 
function A must satisfy the equation 

div(J.2V«0) = 0, 

which can be solvqd after the function 8^ has been determined from 
•the Hamilton- Jacobi equation (17). It should be remembered that this 
equation, which represents another form of equation (17 a), expresses 
the law of the conservation of the copies of the particle, or of the 
probability of its location [cf. (19)]. ^ 

Although there is in general no exact equivalence between the 
classical and the wave-mechanical average values, yet there are special 
cases when this equivalence turns out to be exact. An interesting case 
of this sort is provided by the so-called ‘viriar, i.e. by the quantity 


dU , dU , dU 


which was introduced by Clausius in the kinetic theory of gases. 

For a motion restricted to a limited region, the time average of this 


quantity V is coimected with the time average of the kinetic energy 
by the relation = F. (26) 


This is called the ‘virial theorem’. It can be derived as follows: We 
multiply Newton’s equations of motion 


d^Zj. 


= -^,etc 


* dt^ dz = 

by the corresponding coordinates and write 


dt^ ~ dt\'‘ dt ) \dt)' 


Adding these transformed equations, we get 

Formula (26) is then obtained by averaging with respect to the time 
and taking account of the fact that the mean value of 



vanishes. If we replace the kinetic energy T by the difference W—U 
and assume that the potential energy is a homogeneous function of the 
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n th, degr ee in^^the coordinates, formula (26) reduces 
2(W—U) = nil or _ ^ 


U = 


n+2 


W, 


, 81 
to the form 

(26 a) 


It can easily be shown that this relation remains exactly valid in wave 
mechanics if ?7 is defined as the integral J Uifn/t* dV and ^ is defined 
as the exact solution of the corresponding SchrOdinger equation. As 
an example we shall consider the simplest case of a one-dimensional ^ 
wave-mechanical problem "which is described by the equation 


STrhn 


{W-U)^=0. 


If we multiply this equation by x d^^fdx and the conjugate equation 
+ (1V_ XJ)^* = 0 by x^ and add, we obtain 

^ d /di/s dtlf*\ Snhn d ,, j-t d,,,^. 

By partial integration with respect to x, taking into account the 
boundary conditions (^ = 0 and dtpldx = 0 f or a; == ±oo), we get 

+00 +0O 

^d{Ux) 


-J 


d»p di/t* J Sv-hn 


dx dx 
+00 


dx 


A2 


wj 


.*'^^dx = 0, 

dx 


or, since J 00* dx = I and J /00* dx = /, 

-00 — oo 

? +^\w-^& = 0. 

J dx dx L dx \ 

— 00 

Further, by multiplying the SchrOdinger equation by 0*, we obtain 

+ 00 

' J < pr - i 7 )#*( fo : = 0 , 




dx^ 

+00 

h 


Sirhn 

'~W 


ete* ^ A* ' ’ 


or, transforming the first term by partial integration, 
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M 


We have therefore 

or 


W-u+w-^:^^ = 0 

dx 

2{W-U) = 


This is exactly formula (26) for the special case that we have con- 
sidered, f 

Another illustration of the connexion between the wave-mechanical 
and the classical theory is given by the similarity of the classical equa- 


tions of motion, 




etcc, 


and the wave-mechanical relations 


m 


dt^ dx 


etc., 


(27) 


between the corresponding average (or probable) values of the quantities 
involved. 

The relations (27) were found by P. Ehrenfest. They are usually 
referred to, in connexion with the propagation of a wave packet^ as the 
equations of motion of the ‘centre’ or ‘centroid’ of the latter, that is, 
of the point with the coordinates 

= J xilnjt^ dV) y f y^^* ^ J 2 ^* dV . (27 a) 

If the wave fimction iff represents a wave packet formed by superposing 
waves with slightly different frequencies (i.e. motions with slightly 
different energies), the coordinates x^ y, z are certain functions of the 
time (in the case of a stationary state where the dependence of iff upon 
the timp is specified by the factor they reduce to constants), so 

that- we can differentiate them with regard to the time. The corre- 
sponding quantities can be defined as the average values of the com- 
ponents of the velocity of the particle or its acceleration, etc. 

We shall prove the relations (27) for the simplest case of HSUuotion 
parallel to the ^r-axis (the proof can easily be extended to the case of 
three-dimensional motion). We have, by the definition of x. 



sinoe x and t are independent vanables. 

t The proof given is due to B. Finkelstein. 
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Now ifi and satisfy the Equations 
^ ^ i h 

dt 4:7r mWx^ 


4irm\ar* ^ 
inm\ax^ 


, STrhn Tx 

where fi = Hence 

dx ih 
dt inm 




By partial integration, in conjunction with the fact that 


+ 00 

J ^ = /{+oo)-/(-oo) 


vanishes if the function / contains x or difjjdx as a factor (since J dx 

—00 

must be finite and equal to 1), we obtain 


dx __ hj 
dt 4c7rmi 




This expression could be obtained directly from the relation 

+ ~ = 0 (which is a special case of (19)) and the formula 
ot ox 

j = for the current density. Putting j = ^^♦iJ(a;), 

4:7T%m\ cx ox J * 

where v(x) is the average velocity at the point x^ we can rewrite the 
preceding equation in the form 


+ 0O 

■ ^ J dx. 


which agrees with the definition of dxjdt as the average value of the 
velocity of the particle irrespective of its position. 

By differentiating (27 b) with respect to the time, we obtain 


'167tW 
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§4 


87r*m*J L\«** ^ )dx^\8x* ^ ^)8x\ 

—00 

^ f 

8n<hn<‘ J [dx\dx dxj 'J 

— 00 


= 

. AV f 
'8irW J 



— W 


i.e. 


(Px 

where 


+« 

du _ r c 

dx J 
—00 


is the average (or probable) value of the force acting on the particle. 
It must be emphasized that this value refers not to the average 
(or probable) position of the particle, determined by the centre of the 
packet (otherwise this centre would move exactly according to the 
classical mechanics), but to all possible positions. 

If the dimensions of the packet are very bh)|J^ (which means that 
the imcertainty in the estimation of the particle’s velocity is very large) 
the motion of its centre closely follows classical motion. This, however, 
persists only for a very short time, for the packet will spread, the rate 
of this spreading being the larger the smaller its original dimensions 
(i.e. the larger the original uncertainty in the velocity). 


5. Motion in a Limited Region; Quantum Conditions and Aver- 
age Values 

We shall now investigate the case of a (three-dimensional) motion 
restricted classically to a finite region of space (where W—U >0), and 
derive the * quantization rules’ characteristic of such a motion with the 
help of the approximate wave-mechanical theory based on the classical 
determination of the phase or action function «(= S^) by means of the 
Hamilton- Jacobi equation. A motion of this kind must obviously have 
a i)eriodic or quasi-periodic character, so that the path described by 
the particle may fill up the whole region or pass many times in various 
directions through the same or nearly the same point (as, for instance, 
in the simple case of the oscillatory motion of a particle along a straight 
Jf the particle is replaced by a continuous assembly of its copies, 
4|||WiSoom]iioated picture results, different copies passing simul- 
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taneously through the same point with velocities which are in general 
different both in regard to direction and (if the field of force varies 
with the time) in regard to magnitude. The latter must, of course, 
remain a single-valued function of the coordinates in the case of motion 
with a given (constant) value of the total energy W, The function 
^ = fi/m, which can be defined as the velocity potential, must, however, 
in this case (as well as in the general case of non-fionservative motion) 
be a multiple-valued function of the coordinates. Considering the copy 
assembly as a kind of fluid, we can illustrate the case in question by 
the familiar type of fluid motion with closed stream-lines, each stream- 
line representing the path of all the particles situated on it. In the 
associated wave picture these closed paths of the separate particles or 
copies must be interpreted as closed rays. 

Now a fluid motion of this type can be irrotational if, for instance, 
the fluid is flowing in a closed tube or around some closed tube. The 
velocity v of the particles, as a function of their coordinates, can then 
be represented as the gradient of a potential provided the latter is • 
defined as a multiple-valued function of the coordinates. In fact, taking 
the integral of the velocity along a line or connecting two points and 
Pg, then, since the projection v„ of v on the line element da is, by 
definition, equal to ^jda, we get 


J 2;^ da = 

If the line is closed, i.e. if the points Pj and Pg coincide, this integral 
should be equal to zero, irrespective of the shape of the line, unless we 
assume that for closed lines of certain type the potential if> may change 
after a ‘round trip* by an amount equal to the value of the integral 
^ v^ da taken along the corresponding closed line. If the latter coincides 
with a stream-line, the integral will certainly be different from zero, 
since along this line we must have v^ — |v|. 

Now it can easily be proved that in the case of irrotational motion 
the integral | da, which is called the ‘circulation’, will have the same 
value for all closed lines of the same family, i.e. of the same general type. 
In the case of a fluid flowing around a closed tube along closed stream- 
lines (Fig. 1), we must distinguish closed lines of two families: those 
which do not surround the tube, and those which do. For the former 
the circulation will be equal to zero, while for the latter it will have 
a certain value different from zero. This result follows from th e 
formation of the line integral ^ v„ da, by means of S||okei^Pp|y^» 
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into the integral § (curlv)^ dS over any surface S limited by the line or. 
In the case of the lines of the first family the surface 8 will be situated 
entirely within the fluid, so that the integral will vanish, since the 
motion is supposed to be irrotational (curlv = 0). In the case of the 
lines of the second family the surface S will cut the tube around which 
the fluid is flowing. Since for points inside the tube the idea of velocity 
has no meaning, wd can replace the surface 8 by another surface 8 ' 
bounded by two closed lines of the second family. Stokes’s formula 
applied to this surface which lies wholly within the fluid, and for which 
therefore the integral § (curlv)^d/Sf vanishes, leads to the result that 


cr 


Fio. 1 

the integral § da taken over the double boundary of 8' must vanish 
if the ‘roimd trip’ is made in opposite directions along the two con- 
stituent fines, whence it follows that the circulation will have the same 
value for both fines if the round trip is made in the same direction. 

It may be mentioned that exactly similar results are met with in the 
theory of the magnetic field generated by a linear electric current. This 
field — outside the wire along which the current is flowing — ^is also 
irrotational, so that the magnetic field strength can be defined as the 
gradient of a certain magnetic potential. With every trip around the 
wire along any closed fine (encircling this wire only once) this potential 
must change by a definite value, namely ifiri, where i is the strength 
of the current. 

The preceding results can be applied without substantial modification 
t^ the flow of the fictitious flrpd represented by the copy assembly of 
a particle moving in a limited region. In the copy assembly, however, 
we must remember that different .copies may be imagined to pass 
siin^taneously through the same point in different directions. This is, 
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of course, impossible in the case of real particles. In particular, closed 
stream-lines may degenerate into ‘double lines*, i.e. unclosed lines along 
which the copies move first in one and then in the opposite direction 
(oscillatory motion).t The ‘circulation’ § da for such a double line 
will not be equal to zero, but, on the contrary, will be equal to double 
the value of the integral J da for a one-way trip. As a result the 
velocity potential <j) — sfm, in addition to the multiplicity considered 
above, may acquire a duplicity of an entirely different character, corre- 
sponding to the possible presence at each point of two copies moving 
in opposite or, in general, in different directions. 

Leaving aside this duplicity we see that, in the case of a particle 
confined to a fimte region of space, the function 8 representing the 
mechanical action or the momentum-potential of the copies of this 
particle must — so long as the motion of these copies is supposed to be 
irrotational — be a multiple-valued function of the coordinates, i.e. it 
must change by a certain amount As for all closed lines (including 
double lines) of a certain family. It should be mentioned that ‘round 
trips* along any of these lines have nothing to do with the actual 
motion, being performed not by definite copies (the latter need not 
move in closed lines), but by the process of linear integration referring 
to a definite instant of time. The change As of the function s for any 
such round trip is called a ‘periodicity modulus* of s. From the point 
of view of the wave picture associated with the motion of the copy 
assembly of the particle these ‘periodicity moduli’ divided by the con- 
stant h represent the number of wave-lengths contained in the corre- 
sponding closed lines. In fact dsjda = is the component of the 
momentum of the particle along the line-element da and according to 
de Broglie’s relation d(sl1i)jda = gjh = must be equal to the corre- 
sponding component of the ‘wave-number vector* k = g/^ of the 
associated waves. The integral §1c^da ~ Asjh may therefore be defined 
as the number of wave-lengths contained in the line ct, or, more exactly, 
as the number of wave-crests cut by this line, or still more exactly, as 
the difference between the number of waves cut by a in the positive 
and in the negative direction (i.e. in the direction of propagation and in 
the opposite direction). 

Now it is clear that in the case of motion corresponding to a definite 
energy, the wave system associated with it must be such that thi^ 
number of waves out by any closed line should be integral, corresponding 

t The tube around which the fluid is supposed to flow degenerating into a ribbon 
with zero thickness. 
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to a change of the phase </> = ^irslh by an integral multiple of 27r, 
a change which is irrelevant for the value of the wave function ^ 

In the contrary case the latter would also be a multiple-valued function 
of the coordinates, and would not represent a stationary system of 
standing waves (each standing wave being produced by the super- 
position of waves travelling in different directions), determined by the 
condition that the* wave function ^ should vanish at or near the 
boundary of the region where the particle is supposed to move. 

It thus follows from the condition of single-valuedness for the wave 
function ifs that the "periodicity moduli' of the "action function' 8 must 
he integral multiples of h. • 

This condition, which — ^it should be remembered — ^refers to the case 
of motion confined to a (classically) limited region, can easily be shown 
to be equivalent to the quantum conditions of the old quantum theory 
discovered by Bohr and by Sommerfeld. 

For the general formulation of these quantum conditions, it is 
• necessary, instead of the original rectangular coordinates x, y, z, to 
introduce new variables (generalized coordinates) q^, q^. If we suc- 
ceed in so choosing these new variables that s assumes- the form 

« = i «a(?«) ( 28 ^ 

a=l 

(‘separation variables’), then the quantum conditions run as follows: 

Here the various (= dsjdqj are the ‘generalized momenta’ and 
(A«)( 3 j are the ‘principal moduli of periodicity’ of the function 5, i.e. those 
alterations of this function which correspond to a ‘cyclic’ change of 
one of the separation coordinates when the remaining two are kept 
fixed. By a ‘cyclic’ change of the coordinate we mean an altera- 
tion such that the given particle returns to its original position and 
therefore the rectangular coordinates assume their original values. If 
the coordinate q^^ has the character of an angle so that the rectangular 
coordinates are periodic functions of it, then the ‘cyclic change’ of 
is simply the increase by the corresponding period Ag^^ (for example, 
2rr), Otherwise it is an oscillation of q^ within certain limits determined 
by the nature of the field of force. The cyclic alterations of the in- 
dividual separation coordinates in the actual motion of the system 
take ^lace in periods of time At^ which are in general different from 
one another, so that the motion with regard to the time appears ttf be 
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non-periodic or conditionally periodic. This dependence of the variables 
on the time plays no part in the ‘quantizing* defined by formula (28 a). 
The generalized momenta appearing in (28 a) can be defined, and 
indeed are usually defined, in a different way — ^namely, as the partial 
derivative's of the kinetic energy T, expressed as a function of the 
, generalized coordinates and of the corresponding ‘velocities* dqjdt — 
with respect to the latter. The equivalence of both definitions is obvious 
in the case of rectangular coordinates, since T = \rn{v%-\-v\+vl) and 
z= dsjdx — dTjdv^t etc. If the coordinates are replaced by new 
(generalized) coordinates q^(x, y, z), we have 

d 4-^v 

whence — dqjdx, etc. We thus get 


ds _ ds dq^ 
dx ^ dq„ dx ’ 

a=l 


S ^ ’ 


and consequently, — = — = p 

The formulation of the quantum conditions in the form (28 a) is some- 
times possible in two or more different ways — ^if there exist several 
sets of ‘separable’ coordinates. Theoretically it is possible — ^in a single 
way at least — ^for any type of motion (restricted to a finite region). 
Practically, however, the ‘separation coordinates* can be found only 
for simple types of motion (i.e. of the field of force). If the separation 
coordinates cannot be found, then the quantum conditions — ^in the sense 
of Bohr’s theory — must be stated in the more general form indicated 
above, namely, that the moduli of periodicity of 8 with respect to any 
closed curve should be equal to an integral multiple of h (or to zero). 

We shall now turn to the question of the relation between the wave- 
mechanical average or probable value of any function of the coordinates 
of the particle for a given quantized state of motion and the corre- 
sponding classical ‘time average* of this function. The solution of this 
question depends upon the introduction of new coordinates of a still 
more general kind than those considered above in connexion with the 
formulation of the quantum conditions. These still more general co- 
ordinates are not directly expressible in terms of the original ones, but 
in terms of the original coordinates and the corresponding momenta, 
the new momenta being also functions of the old momenta and of the 
old coordinates. 

©iordinate or rather coordinate-momenta transformations ^f 
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tjrpe were introduced by Hamilton and are called contact or canonical 
transformations (the transformation considered above being a particular 
case of these transformations). 

The theory of canonical transformations is based upon the preserva- 
tion of the so-called ‘canonical form’ of the classical equations of 
motion. In the case of rectangular coordinates these canonical equa- 
tions can be obtained directly from the usual equations of motion 
md^xldt^ = — dUjdx, etc., and have the form 



II 

II 

+ 

(29) 

where 

H ^ ~(gl+gl+gl)+U 

(29 a) 


is the total energy expressed as a function of the coordinates and 
momenta, and is usually denoted as the ‘Hamiltonian function’. The 
equations (29) can be interpreted as referring to a particle moving not 
in ordinary space with the three coordinates Xy z but in the six- 
dimensional phase-space (Part I, Chap. V) with the ‘coordinates’ x, y, 2 , 
derivatives of these coordinates representing the six 
components of the ‘velocity’ in phase-space and H being a function of 
the ‘position’ of the particle in the phase-space. f 
For the sake of uniformity in notation we shall, in the following, 
instead of a;, y, z write Q^y Q^y and instead of g^^y gy, g^ write Pj, Pg? A- 
The equations (29) then become 


dt dQj dt aP„’ 


(29b) 


We now introduce new coordinates Q[y Q[^y Q'^ determined by three 
equations of the form 


Qp — Q^iQv 025 Qs) Qoc — Qa(Q'v 62 ? Q's) f > 2 , 3). 

We then define the new momenta PJ, P 2 , Pg by the formulae 
ds ^ ds eQ„ -ST T. 8^ 


(30) 




or 7 (30 a) 

a=l 

which obviously do not assume a knowledge of the action function s. 
It can then easily be shown that these new coordinates and momenta 
satisfy a system of equations of the same form as (29 b), 

dt dt ^ dPp 

t Instead of one particle one can consider a continuous assembly of its copies, 
distributed not in the ordinary space as before, but in the phase-space with a density 
depending in general upon the time. 


(/3= 1,2,3), 


(31) 



§6 MOTION IN A LIMITED REGION 41 

where H' is the new Hamiltonian function which is obtained by re- 
placing in the original function H(Q,P) the old coordinates and 
momenta by the new, according to the formulae (30) and (30 a). The 
transformation defined by these formulae is called a ‘point transforma- 
tion*. As already mentioned, it is a special case of the canonical 
transformations. A canonical transformation (of the coordinates and 
momenta) is defined by the formulae • 

where 0(6, P') is a completely arbitrary function of the original co- 
ordinates and the new momenta. If, in particular, we put 


we obtain, by (31 a), 


^ *“ Qzf Qs) 


pi 

which corresponds to the point transformation (30), (30 a). 

The fact that the original canonical equations (29) are transformed 
by (31 a) into equations of the same canonical form (31) can be shown 
as follows: 

We form the complete differential or rather the variation of the 
function O, corresponding to a virtual variation (completely indepen- 
dent of the actual motion) of the variables Q, P': 

» - 2 5: »«. + 1 ^ - 1 j -. » e . + 1 « 

and differentiate this expression with regard to the time. We also take 
the time derivative of C> 

M ~ dt T dt ’ 

a ^ 

and form its variation. By subtracting the expressions thus obtained, 
we get, remembering that 8 and dt are commutative, 

2 (t *«• -§■ - 2 (?««> 

Now by (29 b) we have 

2 (§ *«. -f* 2 (H *«•+¥. «■•) - 
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Hence, in virtue of 
we obtain 








Since the variations hQ^ and SP^ are arbitrary, we can equate their 
coefficients. In this, way we get equations (31). 

Those canonical transformations, in which the transformed Hamil- 
tonian W depends only on the momenta P' and not on the coordinates 
Q\ play a special role. Such coordinates are usually called cyclic. The 
equations (31) reduce in this case to 

4. ^Qh 4. 

= Pnnflf — — (jj — const., 


Po = const. 


If the transformation function ^ leading to cyclic coordinates is 
known, the mechanical problem can be regarded as solved, for the 
original coordinates and momenta are then expressed according to the 
equations (31 a) as functions of the time which, besides t, only contain 
constants P^, and 

Now it follows from (31a) that this special transformation function 
is just the action function s regarded as a function of Q^, Q 2 , and of 
three arbitrary constants PJ, Pg, PJ which necessarily appear on solving 
the Hamilton- Jacobi equation (16) or (17) by which this function is 
defined. These constants of integration can be expressed in terms 
of the three principal moduli of periodicity of the action function 

— (A«)„ with regard to a system of separable coordinates (which 

we need neither actually know nor consider in detail here). Replacing 
the original constants Pi by their expressions in terms of we 

can write the transformation function C> in the form 8(x,y,z; Ji, J 2 >*^ 3 ) 
and define the constants as the new momenta (Pi = J^). Considered 
from this point of view these constants are called the 'action variables’ 
of the problem. The corresponding cyclic coordinates are called the 
'angle variables’. We shall denote them by (= Qp). 

We have therefore wp = a)pt+(l>p, (32) 

where according to the transformed canonical equations (31) 

cop = ^ = const. (H' = W) (32 a) 


and 
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To ascertain the dependence of the old coordinates Oa on the new 
coordinates we shall introduce for a moment as an intermediate 
link between them the separation coordinates fi's- Expressed as 
a function of the latter, the function 8 assumes the form 

8 

*' 5=2 ^atea> *^1> *^2> *^8)» 

a=l 

To a cyclic alteration of the coordinate there corresponds by (32 b) 
an alteration of the coordinate by — A^dsJdJ^. We have 
therefore, because A^s^ — J^it oc == and = 0 ii oc ^ p, 


'•'»=S=( 


0 (ol:^ P). 


These formulae show that when any angle variable is increased by 
1 and the remaining ^^;’s are maintained constant, which corresponds 
to the cyclic alteration of the separation coordinate q^, i.e. to the 
return of the particle to the original position along a ‘)8-curve’, then 
the action function s increases exactly by J^. 

From this it follows that the coordinates and consequently the 
momenta P^, are periodic functions of the angle coordinates with periods 
equal to 1. Each of them, as well as any function /(O^, Os) (or still 
more generally /(0> -P) )> can be expressed in the form of a triple Fourier 
series y _ 2 A ife fc (33) 


where ifci, jfcgj ^3 integers which can assume all values from ~oo to 
+00, and fcj, fc, certain expansion coefficients characteristic of 
the function /. If instead of the we put their values obtained from 
(32), we get / = T e«ir(&xtui+fc,tu,+fc,w3y (33 a) 

hi, ht 

where the are new expansion coefficients which we can regard as 
the amplitudes of various harmonic vibrations, while 

(x) = AJj W2“{"^3^3 (33 b) 

are the frequencies of these vibrations. The quantities wp, i.e. the 
velocities corresponding to the angle coordinates, represent therefore 
the fundarnerUal freqvencies of the motion. 

We can now return to the problem of determining the time mean 
value of /. This problem can be solved at once by means of formula 
(33 a). Indeed, the required time mean value must obviously be equal 
to that amplitude coefficient in (33 a) for which the vibration frequency 
01 vanishes — or the sum of such coefficients if the equation oi = 0 is 
satisfied by several different combinations of the numbers ^1, k^. 
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This mean value can be represented on the one hand by the general 
1 ^ 

formula / = lim ~ \ fdt. On the other hand it can be represented 

T-t-oo 1 ^ 

0 

just as well by the formula 

111 . 

J = f dw^dw^dw^ (34) 

' 0 00 

which does not contain the time explicitly, the triple integration being 
extended over the ‘period cube’ in the coordinate space of the angle 
variables; /is given as a function of the angle variables by formula (33). 

The expression (34) has the form of a ‘statistical’ mean value corre- 
sponding to an averaging over the various copies of the given particle 
distributed with a constant density in the space of the angle coordinates 
w?!, ^ 3 - numerical agreement with the time mean value of / for 

a definite copy means that the curve described by the motion of such a 
copy fills up this space uniformly.f 
We can now return from the angle coordinates to our original rect- 
angular coordinates Qi = a;, Qg = Vy Qs == vi®w of the fact that 
the new momenta are constants, the old coordinates may be considered 
practically as functions of the new coordinates alone, and vice versa. 
We can thus transform the volume integral (34) according to the 
well-known theorem of Jacobi, and put 

f=jfDdV, (34 a) 

where dV = dxdydz and 

dw^ dwi dwi 
dx* dy * dz 
dw2 dw2 dw2 
dx^ By* dz 
dw^ Bw^ 

Bx* By * Bz 

By (32 b) this functional determinant can be written in the form 
B^s BH B^s 
BJ^Bx' BJj^* BJy^^Bz 
Bh B^s Bh 
BJ 2 BX BJ2By* BJ 2 BZ 
Bh Bh B^s 
BJ^Bx* BJ^By* BJ^Bz 

t This condition is satisfied for non-degenerate motion, that is, motion for which the 
three fundamen'tol frequencies <ui, cuj, ois are not commensurable with each other. 
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The volume integration in (34 a) must be extended over the whole 
region for which JT— Z7 > 0. We are thus brought to the conclusion 
that the relative probability that the pai*ticle will be found in the 
volume-element dF, as measured by the relative duration of its presence 
in this volume-element, is equal to D (I DdV — 1). Comparing this 
result with the wave-mechanical average 

/= 

we see that it will agree approximately with (34 a) if 00* = D. Now 
in the region TF— ?7 ^ 0 the function 5 = jS® is real, so that the modulus 
of the function 0 = _ ^iZTrS’^ih+s' must reduce to -4 — It 

follows therefore that j 2 _ 71 


It should be remembered that an exact agreement between the classical 
and the wave-mechanical mean value is out of the question — not only 
because of the approximative character of the preceding expression for 
tfs (with 8 determined from the Hamilton- Jacobi equation), but also 
because in the wave-mechanical case the integration must be extended 
over all space including the classically forbidden region. However, this 
region, although infinite, contributes in general only a finite and usually 
a small amount to the integral J ftitt/i* dV because of a very rapid 
decrease of the function 

The relation — D can of course be derived in a straightforward 
way by integratiiig the equation 

div.42V5 = 0 

[cf. (17 a)], or the equation 

V2>S®+2V>SfO-V^' = 0 


to which (21b) is reduced in the case of conservative motion. This 
integration has been carried out (in the case of the second equation) 
by Van Vleck, who showed that must be proportional to the deter- 
minant 



eh eh eh 
ex^ eyep 
eh eh eh 
exey epey ezey 


where a, j5, y are any three integration constants occurring in the 
expression of the function «(ar,y,2;a,jS,y). This determinant is equal 
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to the product of D with the determinant - which is a con- 

*' 2 > *' 8 / 

stant factor pla 3 dng the role of a normalization constant. 

In the special case of uni-dimensional motion the determinant (34 b) 
reduces to dhjdxdJ, whereas by direct integration we obtained, in this 

case, = — = mC^I — . Thus we must have 
V ' dx 


dxdJ i 


^d8_ 

dx 


that is. 


Ss d /55\ d IfdsY 

dxdJ\dx) dJ 2\dx) ^ ’ 


or since = W—Uy we get -^{W—U) — C^. This condition 

2771 ySic J vJ 

is actually fulfilled, for dUldJ = 0 and dWjdJ = ct> = 1/T, where T is 
the period of motion [according to (32 a) with W — H']. Hence we 
get <72 = 1/T in accordance with the simple theory developed in the 
preceding section. 



II 

OPERATORS 


6. Operational Form of SchrSdinger’s Equation, and Opera- 
tional Representation of Physical Quantities 


The formal relation between classical mechanics and wave mechanics 
can be presented in another way which not only leads us to a deeper 
understanding of the theory but also to various important generaliza- 
tions. 

We can arrive at this relation by examining SchrOdinger’s equation 
(12) written in the form Dtfj — 0 y 

where D denotes the operator 


n = J_ r/A AV ('A iVl +.t^+u. 

2m X^Tri dx) \27ri dy) \ 27 ri dzj 27ri dt 


This can be expressed in terms of the elementary differential operators 


h d h d h d 


h d 

27ri dt 


(35) 


by the formula , 

^ = -^(Px+Pl+Pl)+Pt+U- (35a) 


The equation 2)0 = 0 thus reduces to the classical equation 
T-^U-W = 0 

if we replace the operators Py, p^ by the components of the momen- 
tum, and —pt by the total energy, i.e. if instead of (35) we put 

Px = 9x< Pv = 9yy Pz = 9z> -W (36) 

and cancel the function 0 (considering it as a factor). Therefore the 
transition from classical mechanics to wave mechanics can formally be 
carried out as follows. In the ‘classicaP equation 

y{gl+9l+9Vi+V-W = 0, (36a) 


which relates the components of the momentum and the total energy of 
a particle, we must replace these quantities by the elementary operators 
(35) and then multiply the SchrOdinger operator D thus obtained by 
the wave function 0 on the right, where ‘right multiplication’ simply 
means applying the operator to the expression standing on its right. 


h d 


The replacement of the energy W by the operator — ^ — has 
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been made before, although in a somewhat different connexion, namely, 
in the transition from the wave equation 

V^+~(W-U)^ = 0 

for a conservative motion to the general equation 


' = 0 , 

\ 277% dt ) 


which applies to a motion of any kind. In the former case, since 
ifi = y, the operator is actually equivalent to the 

energy in that it satisfies the equation 0 == — If which we could write 
symbolically (dropping the function operated upon) in the form = — Tf . 
A similar equivalence exists between the operators p^., p^, p^ and the 
components of the momentum g^ with respect to the wave 

function ^ Qi 2 TT(gzX+a^y-HJze-Wt)lh^ 

representing the free motion of a particle with a velocity of specified 
magnitude and direction. As we know, the latter can be specified only 
in this particular case. In the general case the functions p^.^, Pyift, 
—Pt^lf are not equal to the products of the function by constant 
numbers. 

It is natural to associate this result with the fact that, in the general 
case, the components gr^,, g^, g^ of the momentum, as well as the energy 
W, cannot be defined as certain numbers since they do not have 
definite values, and to assume further that the operators p^., Pyt Pg^ 
—JPt which they are replaced in the transition from classical to wave 
mechanics must replace them in all wave-mechanical questions. 

This principle is corroborated by the following considerations. 

(1) If the wave function ifs can be approximated to by the expression 
^i27TSih where 8 is the classical ‘action’, i.e. the momentum-potential 
determined by the Hamilton-Jacobi equation, then we hav^ 


etc., so that in this approximation the operators p^., Pyy Pg are actually 
equivalent to the components of the momentum gr^, gy, gg. This result 
still holds approximately if ^ is represented in the form where 

e is the classical momentum-potential, for the partial derivatives of the 
amplitude A with regard to x^y^z (so far as the above approximation 
can be applied) are very small compared with the partial derivatives 
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of i.e. the components of the wave number (the wave-length being 
supposed to be very small). 

(2) If the function ^ is ‘quadratically integrable*, i.e. if it can be 
normalized in such a way that the integral J 0^* dV is equal to 1, then 
the integrals 

J rPz<l>dV, J dV, J dV 

’Coincide with the average values of the components of the momentum 
as defined by the integrals 

m J dV, m J jy dV, m J j, dV, ^ ’ 

where j = is the probability current density and v is the average f 
velocity introduced in the preceding chapter, §§ 2 and 3. We have in 
fact, according to the definition of 

Now by partial integration we get 

J '"'-j 

since in order that J 0^* dV should have a finite value the function 
must vanish at infinity rapidly enough to makejjhe integral 

.j|(#*)<iF= jj [#*]::!: 

vanish too. Therefore 

Ji. rfF = A J dr = j rpA AV. 

The preceding results can be extended to the more complicated 
operators, by which different classical quantities represented as certain 
functions of the coordinates and momenta F{x,y,z\gg^,gy,g^ must be 
replaced, when gy, g^ are replaced by the operators Pjg, Py, The 
simplest example of such a complicated operator is the operator 
^ “ (vI+pI+'PDK^'^) representing the kinetic energy . If the func- 
tion 0 describes a motion with a given constant value of the total 
energy, i.e. if it satisfies the SchrOdinger equation (T+U^W)^ ?= 0, 
then we have = (TT— Z7)^, where the ‘operator* (W — f7) is a simple 
factor. The preceding equation expresses the fact that the kinetic energy 
(i.e. the magnitude of the classical velocity) is a definite function of the 
coordinates. The sum of the operator T and the potential energy U 

359S.6 „ 



60 OPlglRATORS § 6 

represents the total energy of the particle and is usually called the 
energy operator, or the Hamiltonian operator, or simply the * Hamil- 
tonian* . Denoting this operator by H, we can write the preceding 
equation in the form Htf/ = TF^. It expresses the fact that the energy 
of the particle in the motion described by the function ^ has a definite 
value, namely, W. The general equation referring to a non-conservative 
motion can be written in the form 

(H+p,)^=0. (37) 

It implies a certain relation between the two operators H and — 
both of which represent the energy W (when it exists) — ^the former in 
a specific way, including the properties of the particle (mass) and the 
character of the field of force in which it moves, and the latter in a 
perfectly general way independent of these characteristics. 

Independently of the form of the operator F(x,y,z)p^,py,p^), it can 
easily be shown that the result of applying it to the function tjs ex- 
pressed in the approximate form ^gi27rfl//ij jg equal approxi- 

mately to the product F{x,y,z\gj^,gy,g^\ft. The same is true in the 
more general case of an operator containing the time t and the time 
derivative operator We have namely 

F{x, y, z, t;p^,py,p^,p,)ip = F{x, y, z, t; g^, Qy, g„ - Tf )^, 

if the energy W is defined as —dSjdty in accordance with the Hamilton- 
Jacobi equation which gives —dSjdt— (V^)2/2m+i7 = T-fC7. The 
function Fijj resulting from the application of the operator F to the 
esmt wave function i/r can be represented as the product of the latter 
with a certain fimction Fq of the coordinates alone (and eventually of 
the time). The function = (F^)!^ can be defined as the value of the 
quantity represented by the operator F at the corresponding point (and 
instant of time). This is precisely the way in which we have defined 
above the value of the kinetic energy in the case of a conservative 
motion. If, in particular, the ratio (F^)/^ is equal to a constant C, 
then the quantity represented by F is said to be cons tant of the motiony 
its value C being independent of the position of the particle (and of 
the time). This case can be illustrated by applying the energy operator 
H to a function tp which describes a conservative motion, or by appljdng 
any one of the operators p^., Py, Pg to the function ^ which describes 
a uniform rectilinear motion. 

If the ratio = {Filf)lilf is not equal to a constant, then we can 
define the average or probable value of the quantity represented by 
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the operator F by means of the formula 

f = 

or ~ J (38) 

with the condition that J 0^* dF = 1. (38 a) 

This definition of an average value is a generalization of that already 
considered in the preceding chapter in connexion with quantities de- 
pending on the coordinates alone (such as the potential energy). Its 
physical significance has been tested above in the case of the funda- 
mental operators Py, p^. 

As a further illustration of the operational representation of physical 
quantities we shall consider the q ^lar momentum of a particle, for 
instance, the angular momentum of an electron moving about a fixed 
nucleus (cf. Part I, § 14). In classical mechanics this quantity is defined 
as a vector with the components 

4 -y 

y9z-^9y^ ^9y-ygx- ^ T ^ 

We shall define it accordingly as a vector-operator M with the com- 
ponents 

■*4 = yPz-Wyy M, = XPy-yp^, 




(39) 


Transforming from rectangular coordinates to spherical coordinates by 
means of the formulae 

a; = rsin^cosi^, y = rsin^sin<^, 2; = rcos^, 


we get 


^ dift dy difs dz 


i.e. 


and likewise 

a 

^ = -»'8m 
We have therefore 


r ~ = r sin a coscL— + r sin 
or dx 

a , a , a 


S , /,9 

— + rcosa— 
dy dz 


+ rsinacos^~ = x- — y— . 
dx dy dy ^ dx 

JIf — ^ 


(39 a) 
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Further, from (39) we get 

477^^ ^ ^X J 

where the terms denoted by ... are obtained from the given terms by 
cyclic permutation of the coordinates x, y, z. Because of the identity 

/ ^ ^ 2 ^ . . O 1 

= *“-+•••+*-+ •••+2fe+-> 


a2 


dx^ ' ' ■ dx ' ^ dydz 

02 / g\2 g 

„^^,+ ...+2j^_ + ... = (r-)-r-. 
we can write the previous expression in the form 

- = -SK; 




\dx^'^ey^^^, 




Hence 


= _^rr2V2-r2|i-2r^l. 

477* L dr^ dr\ 

htfi ^ r^\ drj ^ r\&rl 


4i72:¥* 2_0 

r2 dr^ r dr 


V2 = ^ -1-? _?__i_JLq2 
ar2^^r ar^r2 ’ 


or putting 

where Q,^ — -r^ 

sm^a^V a^^ 

denotes the angular part of V^, we get 


1 ^ 
sin*^ 0(^2 


if2=: 02. 

4772 


(39 b) 


By applying this operator and the operator (39 a) to the functions 
^nim = 4)y which Specify the stationary states of a hydrogen- 

like atom, we get 

■4772' 


m,an, = 


and by the equation = 0 we get 


( 40 ) 
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Since, further, the dependence of upon 0 is expressed by the 

factor , 

= (40 a) 

These relations show that the magnitude of the angular momentum as 
well as its direction are constants of the motion — ^just as in the classical 
theory of a particle moving in a central field of force. It should be 
mentioned that the character of the central field affects only the radial 
factor F^(r) in the wave function the angular factor Yi^{d,(l>) 
being in all cases a spherical harmonic function. Therefore the above 
relations hold for the motion of a particle not only in a Coulomb field 
but in any central field of force. They show further that the quantum » 
numbers I and m which have been introduced in Part I, § 14, as 
nodal numbers, characterizing the wave function from a purely 
geometrical point of view, have also a dynamical meaning, one of them 
(Z) determining the total magnitude of the angular momentum according 
to the relation — Z(Z+1)^74^^> and the other (m) determining the • 
projection of the angular momentum upon the 2 ;-axis according to 
Mg = mhl27T. For this reason the numbers Z and m will be called re- 
spectively the angula r and th e aa;ZaZ q uantum numbers. f The constancy 
of the direction of the angular momentum is only proved indirectly by 
the relation (40 a) because the direction of the z-axis can be chosen 
arbitrarily, the functions being so defined that the z-axis is the 
axis of the spherical harmonic functions <^) = K we 

apply the operators and My to these functions the result will not 
be similar to that obtained by applying the operator Mg because the 
functions and Myi/j^^ are not equal to multiples of tfjnim- Since 

we know that M^ and My also represent constants of the motion, we 
see that the condition Fiji = const, ijt cannot be regarded as the general 
criterion for the constancy of the quantity represented by the operator 
F. It can easily be shown that the above failure of this equation to 
express the general condition of dynamical constancy is connected with 
degeneracy, i.e. with the fact that the functions ijinim are not determined 
by the value of the energy 11^ which, in fact, depends only on the 
principal’ quantum number (n). Any linear combination of the 
functions which differ from one another by the values assigned 
to the numbers Z and m, will also represent a stationary state belonging 
to the same value of the energy. This linear combination, i.e. the 

^ t This seems preferable to the traditional denomination where I is referred to as the 
azimuthal* quantum number and m as the * magnetic’ quantum number. 
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coefficients Ci^ in the sum T2 can be so chosen that the 

T m 

resulting function will represent the same thing with respect to the 
x-axis as ifini'm' with respect to the z-axis. Applied to this fimction the 
operator would be equivalent to multiplication by im/hl2iT accord- 
ing to the equation — (hm ' which could be considered 

as a direct expression of the constancy of The fimction obtained 
by applying to can easily be shown to reduce to a linear com- 
+z 

bination 2 cf the 2^+1 functions associated with the 

m'~—l 

z-axis. 


7. Characteristic Functions and Values of Operators; Opera 
tional Equations; Constants of the Motion 


In general the equation Ftjt = const. ^ can only be satisfied by functions 
^ of a special type which depend upon the nature of the operator F 
and are therefore called the characteristic functions of this operator 
(‘Eigenfunktionen* of the German authors — often translated into 
English as ‘proper functions’). The corresponding values of the constant 
factor are called the characteristic valtm of F. As an example we may 
take SchrOdinger’s equation Htjf = Wilt. In this equation the wave 
functions describing the stationary states of motion are the charac- 
teristic functions of the energy operator H, and the energy-levels 
W are its characteristic values. In the case of H, as well as in the 
case of any other operator, these values and the functions associated 
with them can form both a discrete and a continuous set. The 
characteristic functions are fully determined by an operator F for a 
one-dimensional problem, involving one coordinate only. In three- 
dimensional problems there remains in general a certain ambiguity 
in the choice of the functions as determined by a single equa- 
tion of the type Fift = const. 0, an ambiguity which is known as ‘de- 
generacy’ if i?’ is the energy operator H, Thus, for example, the operator 


h d 

Mg = — . ~ specifies the corresponding characteristic functions only 
27rt d<l> 


with regard to their dependence upon m, defining them as ^ = /(r, 
where /(r,^) is an arbitrary function of r and 0. The operator like- 
wise determines the dependence of the characteristic functions on the 
angles 6 , <j> only, the equation — const. 0 being satisfied by 
^ = f{r)Yi(d, tf)) where f(r) is an arbitrary function of r, and is an 

arbitrary spherical harmonic of order Z, which can be expressed as a sum 
of 2Z-f 1 functions of the type with arbitrary coefficients. 
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Now we have also seen that Schr6dinger’s equation Hif/ = const, tft in 
the case of a hydrogen-like atom has for each characteristic value of 
H a solution of the form = /^(r) Y (B, <^), where Y {By (^) is a sum 
of w® spherical harmonic functions of the t 3 rpe with arbitrary 

coefficients (Z = 0 , 1, w— 1; m = — Z, +Z). We cannot therefore 
completely specify the functions describing the stationary states 
of a hydrogen atom by taking one of the three equations 

Hilf — const, iffy if = const. if^0 = const. 0, (41) 

but only by taking all three equations together. The functions 0„;^ 
then appear as the ‘simultaneous characteristic functions’ of the 
operators Hy if 2 , and if^,, each of these functions belonging to a ‘triplet’ 
of characteristic values W^y (M^)i = Z(Z+l)i2/47r2, and (Mg)jn = mhl27r. 
Another simple example of this relationship is provided by the 
operators Py.y Pyy p^- The characteristic functions of these operators are 
obviously My,z)ei^^o.xih^ f^(ZyX)€^^^0yyl\ U(Xyy)e‘^^o^zih,^ /i, A, /s being 
arbitrary functions of the corresponding arguments. Taken together 
the three equations 

where g^y gyy g^ are constants, specify unambiguously the function 

0 = const. e^27r<a*®+i/y (41 b) 

which describes the uniform rectilinear motion of a particle with the 
momentum components g^, gyy g^y and which is a particular solution of 
SchrOdinger’s equation JEf0 = Tf0 with H — (i?|+2>y+i>|)/2w, i.e. with 
Z7 = 0 , corresponding to free motion. 

It should be mentioned that the expression (41 b) for 0 is still incom- 
plete (as well as the expression 0 = 4) hydrogen-like 

atom functions) inasmuch as it does not contain the time. The latter 
can be introduced by the additional relation 

W0, 

giving 0 g-i27rTF//A^ constant W is, however, rvot independenty but 
is connected with g^, gyy g^ by the relation W = (g'|+ 9 ^J+ 9 ^|)/ 2 w. 

If F is an ordinary fxmction of the coordinates (or of the time too) 
which does not contain the elementary differential operators p^t Py, Pzi 
then the equation == const. 0 has no solutions of the ordinary con- 
tinuous type. The only possible solutions — except the trivial one 0 — 0 
— are those for which the function 0 is different from zero on the surface 
F = const, and vanishes outside this surface (which can be displaced 
by varying arbitrarily the value of the constant). 
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Another interesting case is provided by operators which satisfy 
the equation Fifs — C\js identically, i.e. irrespective of the choice of 
the function and therefore do not determine this function at alL 
F = Px^—^Px simplest example of such an operator. Applying 
it to some function ijs, we get 

Thus we see that this operator has one single characteristic value 
C — hj27Ti with which any function can be associated as a ‘charac- 
teristic function’. The preceding equation can be written symbolically 
in the form ^ 

(42) 


which is obtained by omitting the arbitrary function ^ to which the 
left- and right-hand sides of this equation must be applied. We have, 
of course, similar equations for the two other coordinates and the corre- 
sponding components of the momentum-operator: Pyy—yPy = hl2iTi 
and = ^/27rz. In addition we have the ‘operational’ equations 

PxV—yPx = ^ PxV — yPx^ which express the fact tlA-t the order 
in which the operators p^ and y are applied to any function y, z) 
is immaterial (since x and y are independent variables). The equations 
PxPy'~'PyPx = ^ quite similar to the equations xy—yx = 0 express- 
ing the commutative law of ordinary multiplication. Two operators 
F and G which, when applied successively in the order F, 0 to any 
function ip give the same result as when applied in the opposite order 
G, Fy are said to be ccmmutable. This property is expressed symbolically 
by the operational equation 

FG=GF, (42 a) 

which means that the ordinary equation 
FGiff = GFils 

is satisfied identically, i.e. for any function ijj. 

In general, the fact that the equation Atjf = 50 is satisfied identically 
with respect to the function 0, A and B being two outwardly different 
operators, is expressed symbolically by the equation A = B. We shall 
now give a few examples of such operational equations. 

Let us consider first of all the operator F = Pxf—fPx where f(x, y, z) 
is an arbitrary (continuous) fimction of the coordinates. Applying it to 
an arbitrary function 0, we get 


j0: 




_ A 0/, 

2m 8x^' 
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( 43 ) 


which means that the operator Pxf--fPx i® equivalent to the multiplier 
2TTi dx 

The preceding equation is often written in the form 


(43 a) 


(43 b) 


where the bracket expression on the right side is defined by 

If, in the above definition of F, we replace / by a: and p^ by p^ [which 
means differentiation of the wth order with regard to ar, combined with 
a multiplication by (^/277i)^], we get 


, 

n rli : 


2m 


-.np^-hl,, 


so that 


Plx-xpl = — 


(44) 


(44 a) 


which can be rewritten symbolically in the form 

This formula can easily be generalized for any operator expressible as 
the sum of terms a^Px with coefficients which do not depend upon 
the coordinate x. Denoting this operator by/(Pa.,Py,Pg;y,z), we get 

27r» dpj 

an equation very similar to (43) with x playing the role of — and 
Pa; the role of x. Putting 

[*./] = 

we can consider the equation 

^ =-[*./] (44c) 

as the general definition of the operator SJSp^ We shall write in general 

(46) 


xf-fx = -- 


h 


this ‘bracket expression’ introduced by Dirac as the quantum analogue 
of the Poisson brackets vanishing if the operators F and 0 commute 
with one another. 

3505 .« 


I 
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It should be noticed that an operational equation A = B expresses 
the identity of the physical quantities represented by the operators 
A and B\ the existence of such equations indicates that the same 
physical quantity can be represented in wave mechanics in a number 
of apparently different ways. 

Another interesting and important illustration of operational equa- 
tions is provided by the representation of the angular momentum of 
a particle. 

From the definition (39) it follows that 

Ml = (yp-zpyf = (yPzf—{yPt)(^Py)-{^Pv)(yPz)+{’='Pyf 
= yVz+z^l—yPyPz^—^PzPyy> 

since Pj, commutes with z andp^, andp^ commutes with y andpj,. Taking 
into account the relations PjgZ = z'p^+hj^'ni and Pyy = ypy+hl2Triy 
we get , 

Ml = yYz+^’i'l-^y^PyPz-^iyPy+^Pz), 

whence the formula (39 b) can easily be obtained. We have in addition 

M^My = {yPt—ZPy)(ZP^ — XPy) = PP Z^P ZP y^P ^-PP ^XP ^^^ZP y XP y 

= yPxPz«—zYPx—yz:pl-\-zxPyP„ 

whence 

M^M^-M^M^ = yPxPz»-\-«*:PyPz-xPyPyZ-zyp^Py, 

Th Jl 

= illPx-»^y)kPz^-zPz) = -^(yPx-^Py) = - ^My. 
Thus, according to (45), 

= (45a) 

In a similar way we can derive the relations \My, and 

= —My, which can also be obtained from (45 a) by a cyclic 
permutation of the indices x, y, z. These three relations can be replaced 
by the symbolic vector equation 

MxM = --^.M, (46 b) 

2tt% 

where AxB is defined in the usual way as the vector product of A 
and B. 

Interesting results are obtained by calculating the bracket expres- 
sions for the components of the vector M on the one hand, and the 
components of the vector T(x,y,z) or P(Pa;,Py,P«) on the other. We 
shall not go into these calculations (which can easily be carried out by 
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the reader) but shall merely notice the following results: 

[p^M] = 0, (46) 

where = pl+pl+ply the first of these equations being equivalent 
to the three equations [p^yM^ = 0, [p\My] = 0, = 0. These 

equations express the fact that the angular momentum of a particle 
commutes with its kinetic energy T — p^l2m (more exactly we should 
speak of the operators representing the angular momentum and the 
kinetic energy). If the potential energy Z7 is a function of the distance 
r — alone (which corresponds to a central field of force), 

then we also have 

[C7,M] = 0, = (46 a) 

and consequently 

[^,M] = 0, [£r,Jf2] = 0, (46 b) 

where H = p^l2m-{-U is the Hamiltonian operator representing the 
total energy of the particle. 

The relations (46 b) can be obtained very simply by using polar 
coordinates to represent H and M. Then 


and so 
[H.M,]: 


H 


= -f-Tf- 

2m\27nl 


2ttI d(j> 


2 d 1 ■ 

dr^'r dr'r^ 


+PW. 




1 


2m\27rf 


both bracket expressions [£I^, and obviously vanishing.t 

The equations (46 b) must be naturally related to the fact that M 
and if 2 represent quantities which are constants of tLe motion (in the 
case of a radially symmetrical field of force). An equation of the t 3 q)e 

(47) 

i.e. the commutability of an operator F with the energy operator H, 
can actually be considered as the most general expressicm of the fact that 
F represents a constant of the motion determined by the operator H, 
i.e. by SchrOdinger’s equation — Wif/. 

In fact, applying the operator F to both sides of this equation, we 
have FHtI, = WFilt or, if = FH, we obtain H(Filt) = W(Ftlt). This 
shows that the function Fijf satisfies the same equation as the function 


t In order to obtain (46 a) without the use of polar coordinates we need only notice 
that{U, JtfJ = y[U,pJ-2[U,jp,3 = 2 ^ according to (43a). 



